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Fig. 2 Values of the total dimensionless � n length mL satisfying all of
the boundary conditions, as a function of the parameter b, proportional
to the heat � ux at the � n root.

Fig. 3 Admissible values of the dimensionless temperature at the tip
as a function of the � n length for different values of the parameter b; the
solution of the problem is given by the intersection of the curves with
the horizontal line at µL = 0.102.

Conclusions
Although the heat conduction problem in cooling � ns is usually

consideredto haveone steady-statesolutionfor givenboundarycon-
ditions, two solutions may exist when nonstandard, yet physically
admissible, boundary conditions are applied. In particular, the situ-
ation in which the cooling � n has � xed temperatureat both ends and
speci� ed heat � ux at the root is examined. The analysis shows that,
depending on the value of the heat � ux at the � n root, the problem
may have no solutions, one solution, or two solutions for the � n
length. The results can � nd practical applications in the design of
passive safety devices for chemical or nuclear plants.
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Nomenclature
A = heated surface area, m2

b = mean of normal distribution, s
cp = speci� c heat of solid material
E = activation energy, J
F = � uence of the laser, J
K = preexponent
k = thermal conductivity,W m¡1 K¡1

p = pressure, Pa
q 00 = local heat � ux, W m¡2

q 00
s = surface heat � ux (at x D 0), W m¡2

R = gas constant
r = re� ectivity of the material
T = absolute temperature, K
Tmax = maximum temperature during heating, K
Ts = surface temperature (at x D 0), K
T0 = initial temperature (at t · 0), K
t = time, s
u = speed of the domain boundary, m s¡1

x = coordinate normal to material surface, m
® = thermal diffusivity,m2 s¡1

µ = excess temperature,D T ¡ T0, K
# = normalized nondimensional

temperature,D .Ts ¡ T0/=.Tm ¡ T0/
¹, º = given parameters for a particular fuel
½ = density, kg m¡3

¾ = variance of normal distribution, s

Introduction

P ROBLEMS of heat transfer in domains with moving bound-
aries are commonly found in scienti� c and engineering appli-

cations.As typicalexamples,one can considerthe followingclasses
of problems:

1) Stefan-type and related problems. These typically arise when
there is a phase change at the boundaries between media with dif-
ferentconductingproperties,for example,duringmelting/solidi� ca-
tion of alloys or warming/freezing of water-containingsoils.
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2) Evaporation of liquid layers and droplets under external heat
� ux conditions.

3) Combustion of solids and liquids, which cause fuel surface
regression.This phenomenon occurs, for example, during pool and
tank � res, as well as for burning plastics and solid propellants.

A convenient and effective way of solving such problems is re-
duction to the sets of integral or integro–differentialequations,con-
taining unknown properties at boundary locations.The primary im-
portance of such methods is due to the removal of unnecessary
numerical complications (such as adjustment of the grid to mov-
ing boundaries, grid re� nement in the regions of sharp gradients,
necessity to make grid re� nement tests, etc.).

In the present Note, a relationshipbetween the local temperature
and the heat � ux, obtained earlier for a semi-in� nite conducting
solid,1 is expanded to the case of the domain with a moving bound-
ary. The obtained relationship leads to an integral equation at the
moving boundary, which can be used for convenient calculation of
the surface temperature.

Solution of the Problem
Consider a one-dimensional semi-in� nite domain whose bound-

ary is moving with a constant velocity u. This domain is initially,
at time t D 0, in thermal equilibrium with the temperature T D T0.
The surface heating of the domain starts at time t D 0, and the value
of heat � ux is q 00

s .t/.
In this case, the energy equation assumes the form
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where ® is the domain thermal diffusivity.
After introducing the excess temperature, de� ned as µ D T ¡ T0,

and a new “spatial” variable, » D x=
p

®, the solution to Eq. (1) can
be found by using the Laplace transform technique (see Ref. 1 for
details). The solution is in the form of an integral equation that
relates temperature and heat � ux, namely,

T .x; t/ D T0 C
Z t

0

q 00.x; ¿/

"
e.¡u2=4®/.t ¡ ¿ /

p
¼k½cp.t ¡ ¿ /

C
u

2k
erfc

³
¡

u

2

r
t ¡ ¿

®

´#

d¿ (2)

Equation (2) providesone with the relationshipbetween the local
values of temperatureand heat � ux and is true everywhere in a one-
dimensional semi-in� nite domain whose boundary is moving with
a constant velocity. It is noteworthy to emphasizehere that the rela-
tionship given by Eq. (2) is valid everywhere, including the domain
boundary. Thus, the surface temperature Ts.t/ of the domain under
considerationcan be found for a given surface heat � ux q 00

s .t/ as
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Observe also from Eq. (2) that if the domain boundary is at rest,
that is, u D 0, then the solution becomes
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which, on the other hand, can be written in terms of fractional (of
noninteger order) derivatives as
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the result that was reported in Ref. 1.

Physical Interpretation
As one exampleof physical interpretationof the solutions (2) and

(3), consider combustion of a uniform solid propellant, described
by Eq. (1). It is well known2 that the surface temperature of the
propellant may vary with time, and consideration of this effect is
quite important in real applications.

The linear regression rate of the propellant’s surface, u, depends
on a number of external factors, such as pressure in the combustion
chamber, as well as on the properties of the fuel itself. Different
correlations have been proposed to describe burning rates of solid
propellants.Typicalmodels2 assume linear burning rate in the form

u D K½¡1 pº T ¹
s exp[¡E=.2RTs/] (5)

In this relationship, both surface temperature and pressure are gen-
erally functions of time.

It is apparent from Eq. (5) that the constant burning rate u occurs
when the gas pressure in the combustion chamber varies with time
as

p.t/ D
¡¡
const ¢ K ¡1½[Ts.t/]

¡¹ expfE=[2RTs.t/]g
¢¢1=º

(6)

One canalsoconsiderthis exampleas a combustioncontrolproblem.
For stability of combustion and good rocket engine performance,
it is usually desirable to achieve steady-state regimes of burning.
Under such a set of the problem, the external heat � ux q 00

s .t/ and
the chamber pressure p.t/ can be viewed as controllingparameters,
which can be variedwith time in order to achievethe required rate of
burning. The heat � ux and pressure would control fuel conditions,
such as surface temperature and burning rate. The required control
function [q 00

s .t/, p.t/] can be found using Eqs. (3) and (6).

Numerical Simulation
The solution for the surface temperature, given by Eq. (3), was

tested by numerically solving several cases implying different sets
of boundary data for the heat � ux.

To be consistentwith the results obtainedpreviously,the physical
properties of a GaAs bulk sample (r D 0:39, ½cp D 1:73 106 J/m3K,
k D 52 W m¡1 K¡1) were used in the course of the numerical sim-
ulation (see Ref. 3 for details).

First, the surface temperature was computed in the case of a con-
stant heat � ux value, q 00

s D 103 W m¡2 , for three different values
of the boundary speed u: 0, 1.0, and 10.0 m s¡1 , respectively. The
results are shown in Fig. 1.

Although at the same time the absolutevalues of the surface tem-
perature are different for different values of the boundary speed,
the surface temperature behavior follows Ts.t/ »

p
t , which indeed

must be the case for a constant value of the surface heat � ux. More-
over, the result, in the case of zero boundary speed, matches the
result reported in Ref. 1 for the same case [see Eq. (4)].

Fig. 1 Time evolution of the surface temperature in the case of a con-
stant heat � ux: B, zero boundary speed; C, boundary speed 1.0 m s¡1;
and D, boundary speed 10.0 m s¡1.
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Fig. 2 Time evolution of the surface temperature in the case of a puls-
ing heat � ux: B, zero boundary speed; C, boundary speed 1.0 m s¡1;
and D, boundary speed 10.0 m s¡1.

The next case, computednumerically,was a simulationof the fast
laser heating of the surface. The surface heat � ux was given by the
Gaussian distribution, in exactly the same manner as it was done in
Ref. 3, that is,
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This situationmimics a pulsedNd:YAG laser radiatingat 532-nm
wavelength used as a heating source, with a � uence F that can
be set from 0 to 1.0 mJ. The parameters of the laser pulse were
chosen in order to be consistent with the results reported in
Ref. 3.

The numerical results, representing the time evolution of the di-
mensionless excess surface temperature,µ D .T ¡ T0/=.Tmax ¡ T0/,
are shown in Fig. 2 for three different values of the boundary speed
u:0, 1.0, and 10.0 m s¡1 .

The solution represented by curve B (zero speed of the bound-
ary) coincides with the solution reported in Ref. 3 and given
by Eq. (4).

Conclusions
Using the same method that was initially proposed in Ref. 1,

the relationship between the local temperature and local heat � ux
has been established for the homogeneous one-dimensional heat
equation in a semi-in� nite domain whose boundary moves with a
constant velocity. This relationship has been written in the form of
a convolution integral.

The integralequation,relatingthesurfacetemperatureandsurface
heat � ux, has been solved numerically in the case of a constantheat
� ux value and in the case of a pulsingheat � ux, mimicking fast laser
heating of solid materials.

The results obtained in the course of the numerical simulation
show the following:

1) These results coincide with those results obtained by the same
method in the case of a nonmoving boundary.

2) The valueof the boundaryspeed in� uences the surface temper-
ature value—if the former increases, the latter increases too—but
not the shape of the time evolution curve.

3) The moving boundary effect is not very signi� cant in
the case of fast laser heating due to the shortness of the
process.
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Nomenclature
Ac = apparent contact area
Hc = microhardness of contacting surface
hc = thermal contact conductance
hg = gap conductance
k = thermal conductivity
m = average asperity slope
P = contact pressure
Q = heat � ow rate
¾ = rms value of surface roughness

Introduction

W HEN two metallic surfaces are brought into contact to trans-
mit heat, the uniform � ow of heat is restricted to conduction

through the contact spots, which are limited in number and size.
The magnitude of contact conductance is a function of a number
of parameters including the thermophysicaland mechanicalproper-
ties of the materials in contact, the characteristicsof the contacting
surfaces, the presence of interstitial media, the contact pressure,
the mean interface temperature, and the conditions surrounding the
contact. Fletcher1 reviewed the various experimental techniques to
measure the thermal contact resistance. Mikic2 investigated theo-
retically the effect of mode of deformation on the predicted val-
ues of thermal contact conductance and suggested a correlation for
both plastic and elastic deformations.Sridhar and Yovanovich3 pro-
posed an elastoplasticcontact–conductancemodel for isotropicand
conforming rough surfaces. Wahid and Madhusudana4 gave a re-
lation between the effective gap thickness and surface roughness
for all gases. In view of the signi� cant number of parameters af-
fecting the thermal contact conductance, it is mostly determined
experimentally to provide a measure of the thermal performanceof
a speci� c con� guration. The objective of the present investigation
is to study the variation in thermal conductance across oxygen-free
high-conductivity(OFHC) coppercontactsin vacuum,nitrogen,and
helium environments.

Experimentation
A schematicof the thermal contactconductancemeasurementtest

setup is shown in Fig 1. It consists of a contact conductance cell, a
hydraulic loading unit, a heating circuit, a cooling circuit, a vacuum
system, and instrumentation.The test columnassemblyconsistsof a
pair of heater–cooler blocks, test specimens, heat-� ux meters made
of OFHC copper, and a pair of ball-cone seat arrangement on either
side. The heater–cooler block can be used either as a heater or as
a cooler. A triple-walled chamber made of AISI304 accommodates
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